DIOPHANTINE EXPONENTS OF TWO-DIMENSIONAL MAHLER
VECTORS

REYNOLD FREGOLI AND YOUYI ZHANG

ABSTRACT. We study the irrationality exponent of two-dimensional vectors obtained
by evaluating solutions to a Mahler system at special rational values. We establish an
upper bound for the irrationality exponent of such vectors, under a non-vanishing con-
dition on the associated sequence of Hankel determinants. Further, we construct exam-
ples of vectors whose irrationality exponent equals %, the minimum possible exponent.
Our proofs combine type I Hermite—Padé approximation with Hankel determinants.

1. INTRODUCTION

1.1. Mahler Numbers and Diophantine Approximation. Let Q[[z]] denote the
ring of formal power series in the variable z with coefficients in Q and let Q(z) denote
the corresponding field of rational functions.

In its simplest form, a Mahler equation is a functional equation of the form

(1.1) f(2) = a(2) f(z4) + b(2),

where a,b € Q(z) and f € Q[[2]]. Such equations were first introduced by Mahler
[Mah29] as a tool to study power series f with lacunary terms and, specifically, to
establish the irrationality of numbers of the form f(p/q) (p,q € N). A very useful survey
of Mahler’s foundational work in transcendence theory and what later became known as
Mabhler’s method can be found in [Adal9]

A surprising connection exists between Mahler equations and the theory of automatic
sequences. These are sequences of non-negative integers that can be produced by abstract
machines known as finite automata (see [AS03, Sections 4 and 5] and [BHWY16, page 2]
for a precise definition). Real numbers whose sequence of digits in base b is an automatic
sequence (a,) are known in the literature as automatic numbers and may be viewed as
those numbers whose digit expansion is completely deterministic.

In can be shown that the generating function f(z) = ag + a1z + agz® + --- of an
automatic sequence a,, always satisfies a Mahler equation (slightly more general than
(L.1)) [Cob68, page 57][Adal9l, Section 7], so that if o can be written as ag.ajaz - - - in
base b, then a = f(1/b), with f essentially as in (L.1). This observation together with a
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modern reformulation of Mahler’s method ultimately led to a proof of the striking fact
that all automatic numbers are either rational or transcendental [AF17, Corollaire 1.8]H

The extensive work on the transcendence of automatic numbers and, more generally,
of numbers of the form f(p/q), with f as in (1.1]), naturally motivates the study of their
Diophantine properties. For example, the irrationality exponent of £ € R is defined as

< g~ * for infinitely many rationals p} > 2.

— e P
u@%—ﬁm{u>0-€ . .

For transcendental numbers, computing the irrationality exponent can be an extremely
challenging task (see for example [FR25]). Nonetheless, it is known that many automatic
numbers have exponent 2 and thus provide a large class of transcendental numbers
whose irrationality exponent is minimal. This was established in [Bugll] for the Thue-
Morse constant (a well-known automatic number) and in [BHWY16] for different Mahler
numbers.

In [BZ15], Badziahin and Zorin show that the Thue-Morse constant (together with
other Mahler numbers) is further well-approximable and pose two interesting open prob-
lems. The second of these is the starting point of this paper. Let us briefly recall it.

In place of ([I.1)), one may consider a more general functional equation in several
indeterminates, known as a Mahler system. This is a system of the form

(1.2) J(z) = A(2) (%) + B(2),

where f(2) € (Q[[2]])**!, A(2) € (Q(2))***, and B(z) € (Q(2))**", with 5,d > 1
fixed integers. Then the following is [BZ15, Open Problem 2].
Problem 1.1. Let f be an analytic solution to (|1.2)) and assume that its components f;

are transcendenta]ﬂgver Q(z). What is the irrationality exponent of the numbers f;(r)
fori=1,...,k and r € Q? Are these numbers badly approximable?

In this paper, we revisit this problem from a different angle, studying instead Dio-
phantine properties of f(r) as a vector. Namely, we ask:

Problem 1.2. Let f(z) € (Q[[2]])® be as in Problem What are the Diophantine
properties of the vector f(r), where r € Q? What are its simultaneous and dual Dio-

phantine exponents (see below for the definition)? Is this vector badly approximable?

1.2. Main Results. In order to make our main results precise, we require a few defi-
nitions. Let s > 1 be an integer. The simultaneous Diophantine exponent of a vector
£ € R? is defined as

w(§) = sup {w > 0: |lg§ —pl| < ¢~ for infinitely many (q,p) € N x ZS} ,

where || - || denotes the supremum norm. The irrationality exponent of £ is then
1(§) = w(&) + 1. For (Ao, Ay, ..., As) € Z5T, put

1Tt should be remarked that the first proof of this fact appears in [ABO7] and, in fact, the result is
also claimed by Cobham [Cob68|, page 57|, without proof.
2By this we mean that no f; satisfies a polynomial equation whose coefficients are in Q(z).
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H(Ao, ..., Ay) = max{| Ao, ..., | A4|}.

The dual Diophantine exponent of § € R® is defined as

w (@ sup {w >0 [Ag + Ay + -+ AL| < H(Ag, ..., Ag)™
for infinitely many (Ao, ..., As) € Z5TH\ {Q}}

Remark 1.3. It is well-known that for all £ € R® one has w(§) > 1/s and w*(§) > s. In
particular, pu(§) > 1+ 1/s for all { € R®.

In order to state our first theorem, we further need to introduce the notion of Hankel
determinant. This is a classical tool in the study of continued fractions for power series
(see IBHWY16]). For the sake of compactness, we introduce this definition and state
our main result in the case s = 2, although our techniques may be used to extend the
statement to the general case s > 2 with relatively little effort.

Definition 1.4 (Type I Hankel determinants). Let f = (f1, f2) € (Q[[z]])%. Write

[o.¢] o
(1.3) fi(z) = Z c2® and  fo(z) = Z di2*.
k=0 k=0
The Type I Hankel determinant of f of order k is the determinant
co c - ek do d - dy
c1 2 Gyl i dy -+ dpp
Hi(f1, f2) =] : : : : :
Cok  Cog+1 v C3k  dog  dog1 o dsk
Cok+1 Cokt+2 *° C3kt1 dogt+1 doky2 - d3ggl

Our first main result is an extension of [BHWY16, Theorem 4.1], providing upper
bounds for the Diophantine exponents of vectors obtained by evaluating solutions f to
(1.2) at reciprocals of integers.

Theorem 1.5. Let d > 2 and b > 2 be integers. Let
f(2) = (f1(2), fa(2)) € Z[[2]]

such that both f1 and fa converge absolutely inside the unit disk, and suppose that f
satisfies the Mahler system

- S+

where B(z),D(z) € Q[z], C(2) € (Q[z])**?, and A(z) € (Q[2])**'. Assume that

1 1 1
B(W)D<W>detC(W) #0 forallm>0

i(zd) +
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and that there exists a strictly increasing sequence ny < ng < --- such that Hy,(f1, f2) #
0 for alli > 1, with
(1.4) lim sup fitt

i—00 n;

Then 1, f1(1/b), f2(1/b) are linearly independent over Q, and
W (F(1/D)) < 20,

Note that if p = 1 in Theorem then w*(f(1/b)) = 2 for any b > 2. Furthermore,
according to Khintchine’s transference inequalities [Khi26, Satz VI, Eq. (32)], one has
that

= p < o0.

w*(§) wi ) —s+1
(s = Dw*(§) + s sw® s s ’

if 1,&1,...,&; are linearly independent over Q. Thus, Theorem yields the following
corollary.

Corollary 1.6. Let f be as in Theorem and assume that p = 1. Then for any b > 2

W(FAB) =5 and u(FO/D) =5

Remark 1.7. It can be shown that any vector of the form f(1/b), where f satisfies
the hypotheses of Theorem [I.5] must have transcendental components that are linearly
independent over Q. Independence follows from the fact that the Hankel determinants
are non-vanishing (see Lemma combined with the lifting theorem [AF17, Theorem
1.4] (for more details see the argument at the beginning of Section[3). To see that f;(1/b)
and f»(1/b) are transcendental, first observe that the vector (1, fi(z), f2(2))7 trivially
satisfies a linear Mahler system of the form

(1.5)

(12) = (aeize cine) <f(1zd)> |

Then, by [Nis96, Theorem 5.1.7], both fi(z) and fa(z) are either rational or transcen-
dental and, since they are linearly independent over QQ(z), they must be transcendental.
The conclusion then follows by [Nis90, Corollary 2]. Note that the stronger fact that the
functions 1, f1(2), f2(z) are algebraically independent does not follow.

In view of Corollary [I.6] it becomes particularly interesting to construct Mahler sys-
tems such that condition (1.4) holds with p = 1. We are able to construct such examples
by carefully choosing the matrix C.

A classical example of a multidimensional Mahler system is the following:

1= (1 7).

However, even for this simple system, it is unclear whether Condition (1.4) with p =1
holds. To circumvent this obstruction, we consider a slight modification of this system,
of the form

(1) 1= (1 5216,
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with «a, 5 real numbers. Our second main result gives conditions on « and 8 under which
p=1

Theorem 1.8. Let p be a prime number and let o, 5 € 7 be such that pt o and p | S.
Let f € Z[[2]]* be a nonzero solution to the linear Mahler system in (1.6) with this choice
of a and B. Then Condition (1.4) holds with p = 1. In particular, for any integer b > 2
we have

w0 /D) = 5.

Thus, we are able to construct countably many distinct automatic two-dimensional
vectors whose irrationality exponent is minimal.

1.3. AI Disclosure. Artificial Intelligence was used to prove Lemmas and in
this manuscript. The authors take full responsibility for the correctness of the arguments
and the quality of the mathematical exposition.

2. PRELIMINARY RESULTS

We begin with a simple observation.

Lemma 2.1. Let f € Z[[z]]* and assume that the sequence Hy(f) is not eventually null.
Then 1, f1(z), f2(2) are linearly independent over C(z).

Proof. Let f1, fo be as in (1.3)) and suppose that 1, f1(z), f2(z) are not linearly indepen-
dent over C(z). Then there exists Py, P;, P, € C(z) not all zero such that

Po(z) + P1(2) fi(2) + Pa(2) fa(2) = 0.
Denote
NO . Nl . N2 .
Py(z) = Z ;2" Pi(z) = Z Biz' Py(z) = Z%zz.
i=0 i=0 i=0
Then for all £ > max;=0,1,2 Nj,

BNy Ck—Ny + -+ Bock + YNpdk—N, + -+ Yodg = 0

and
ot Chen, ot Ck do - dp_n, o+ dp
1 o Ckyl-Ny 0 Gk d1 o dgyion, 0 dep
Hi(f1, f2) = ) . . ) .=
Cokt1 " C3ht1—N, “°° C3k41 dogg1 -+ d3ky1—N, -+ d3g41

This contradicts the assumption that the sequence Hy(f) is not eventually null. Hence,
1, fi(2), f2(2) are linearly independent over C(z). O

We now prove one of our key lemmas, which is a generalization of [AR09, Lemma 4.1]
to higher dimension.
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Lemma 2.2. Let § = (&1, ,&) such that 1,&1,--- ,&s are linearly independent over
Q. Assume that for all sufficiently large n there are s+ 1 integer vectors P, € 75+ for
j=0,...,s that satisfy the following:

Bn,O

22n,l

(1) det | 7 | 20, where = (oo pugas - spue)

B/I’L S
(2) There exists an increasing sequence Hy, > maxo<;<s HanHOO with lim,,_soo H,, =

00, and there exist constants co,c1 >0, 0> 1, and § > s — 1 such that
a) Hy < Hpiq < coHY.
b) maxo<j<s [Pn.jo + Prjil + - +Pnjsbsl < el HyP.
Then

s6
* < —
v (§)_5—3+1

Proof. Take an arbitrary integer vector p = (po,p1,---,ps) # 0 and put
H = ||plloc = max{[pol, [p1],- -, [ps[}-
Let § = (1,&1,...,&s) and consider the linear forms
(2.1) Ly (x) =pnjoxo+ -+ Pnjsks, for j =0,...,s, L(x) =poxo+ -+ Pnn

for z € R*T!. Note that L(g) # 0 because 1,&,- -+, & are linearly independent over Q.
Bn,O
b

n,l

Now, recall that for all large enough n we have that det # 0. Then at least one

Bn,s
of the s + 1 determinants where p replaces the j-th row

pnO

Ay j=det| p for j=0,...,s,
Bn,s

is nonzero. For such a j, since all entries are integers, we have that

|Ap i > 1.
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By replacing the first column with a linear combination of the last s columns, we see
that

Ln,O (;) Pno0,1 - Pn0,s
Apj=|LE p1 - Ds
Lns (g) Pns1 t Pnyss

Then, expanding the determinant along the first column, we deduce that
Bnsl < 2 (@I + HH; max L, D))
0<r<s

where ¢ > 0 depends only on s. Finally, using

A
@ax |Lrn(O)] < ety

we conclude that for all sufficiently large n

(2.2) 1 < co| L(E)|HE + cocy HHE170.

Now, choose K > 0 large enough so that caci K -1<1 /2. Since H,, is strictly increasing
with lim,, .., H, = 00, there exists some n such that

(2.3) HY 5 < KH < H) s+

We will from now on assume that H is so large that when ([2.3]) holds, also (2.2]) holds.
This will not affect the conclusion, since we may exclude finitely many vectors p.

From the upper bound in and the fact that coco K~ < 1/2 we obtain
czclHlLIffl*‘S < %
Hence, by ,

1< elL@IH; + 5
and so

A 1
2.4 L > —H°.
(2.4 L@ > 51,
From the lower bound in ({2.3]), we see that
H,_i < (KH)Y0=s+1),
Combining this with the growth condition H,, < COHs_l, we obtain
Hn < CO(KH)Q/(578+1)7

whence
H %> CasK_Se/((S—S-H)H—s@/(&—s—f—l)
n — .

Consequently, there exists a constant ¢ > 0, independent of p, such that

|L(§)| > CH—SQ/((S—S-FI)‘
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Thus, for any nonzero integer vector p € Z*™! with sufficiently large H = max{|po|, ..., |ps|},
we have that

po + p1&1 + -+ + ps&s| > cH /O,
By the definition of dual Diophantine exponent, this implies that

s0
* <7.
v @)_5—5—1-1

Remark 2.3. Note that when s = 2, the upper bound for w*(§) is 26/(6 — 1).

Remark 2.4. The above lemma is based on ideas from Nesterenko’s linear independence
criterion [Nes85|. In fact, the case § = 1 follows directly from the reformulation of
Nesterenko’s criterion in [Fis15, Proposition 1]. Let us briefly explain how to see this.

Make the same assumptions as in Lemma and let 6 = 1. Put e = (1,§). Then
[Fis15, Proposition 1 Part b)|, applied with £ = 1, p = s, and 7, = 9, gives: for any
e > 0 and any @ sufficiently large (in terms of €), there are non non-zero integer vectors
v that can be written in the form v = e + u with |lullz < Q717% and |A| < Q1*~9),
Note that we are replacing @, in [Fis15, Proposition 1 Part b)] with arbitrary @. This
modification follows from the fact that § = 1, as explained in the comment immediately
following Proposition 1 in [Fis15].

We will show that w(¢) < 6! by contradiction. Thanks to (L.5), this will imply that
w*(§) <s/(6 —s+1) when 6 > s — 1.

Suppose by contradiction that
1
> —.
@) > 3

Choose w(§) > wo > 571, Then there are infinitely many integers ¢ > 1 and p1,...,ps €
Z such that

o =], <a7
o
Write v = (¢,p1, .- -,ps) = qge + 1, where r = (0,p1 — £14, ..., ps — £5q). Then
[rllz < V/sq~“°.
One can also write v = \e + u for some A € R and u € Span(g)L. Then
ulla < [Izfla < V/sq=“°,

since u is the orthogonal projection of r onto Span(e)*. Also,
v-e r-e
A=—= =g+ —.
lell3 lell3

So that
7]l
>~ q.
el
for sufficiently large q. Then |\| < 2q. Take € > 0 sufficiently small such that 6 —2e > 0
and wo(d — 3e) > 1+ €. Let

A —q| <

Q = q5—25 .
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Then ¢ = Q=29 This implies that, for sufficiently large ¢ in terms of e, and thus
sufficiently large @), we have

lull < Vg™ = v/5Q 0 7%) < Q7073 < @1,
and
Al <2¢=2Q07%) < QL)
Since ¢ can be taken arbitrarily large, ), can also be taken so large that [Fis15, Propo-

sition 1 Part b)] applies. Then the above two inequalities and that fact that v =
(¢,p1,-..,ps) # 0 give a contradiction. Hence, we obtain that

O <5

From now on, we focus on the case s = 2. Our proof of Theorem is based on the
work of Bugeaud, Han, Wen and Yao [BHWY16]. As is the case with their approach,
we will be using Padé approximants, to be precise, their higher-dimensional analogs.
These are, roughly speaking, rational best approximations to series. Let us introduce
the following notation. For any f € Q[[z]] and k € N we write

f(z) =0(z")
if
f(z) = Z cn?)  with ¢, € Q,
n>k
that is, if all the terms of f of order strictly less than k& vanish.

In dimension 1 Padé approximants are defined as follows:

Definition 2.5 (Padé approximant). Let f € Q[[z]]. A Padé approximant of order & to
f is a reduced rational fraction P(z)/Q(z) € Q(z) such that deg P < k — 1, deg @ < k,
and

O(2%F).

The higher-dimensional analogs of Padé approximants are known in the literature
as Hermite-Padé approximants [KVAWO05] or Hermite-Padé polynomials [SuelS8]. As
for real vectors, one may consider two types of approximation: simultaneous and dual.
This motivates the notion of Type-I and Type-II Hermite-Padé approximants, where
Type-I approximants correspond to dual approximation and Type-II approximants to
simultaneous approximation. For us it will be important to work with Type I Hermite-
Padé approximants, which we now proceed to define.

Definition 2.6 (Type I Hermite-Padé approximant). Let
[1(2) =" falz) =D dn"
n>0 n>0
be two formal power series with coefficients in Q. Fix an integer k£ > 1.

A Type I Hermite-Padé approximant of order k to (fi, f2) is a triple of polynomials
(Po(2), Pi(2), P2(2)) € Q[z]°
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such that
deg Py < ko, deg Py < Ky, deg P < ko,
with kg + k1 + ko = 3k, and

(2.5) Py(z) + Pi(2) f1(2) + Pa(2) fo(2) = O(z%12).

We call the triple (ko, k1, k2) € N? the multi-index of the approximant [Suel8), [LP15]
SR29).

Remark 2.7. Let us briefly explain why 3k + 2 is the correct exponent in . First,
observe that, for any choice of the polynomials P; and P, the conditions [2](Py(2) +
Pi(2)f1(2) + P2(z)f2(2)) = 0 for i = 0,...,ky may be obtained by selecting the co-
efficients of the polynomial Py appropriately. To annihilate terms of degree > kg in
the expression (Py(z) + Pi(2)fi(z) + P2(2)f2(z)), one is required to solve a system
of linear equations, where the coefficients of P; and P, are the unknowns. There
are in total (k; + 1) + (k2 +1) = 3k — ko + 2 unknowns and, since the constant
terms in the system are null, we are guaranteed to find a non-trivial solution if the
system contains at most 3k — kg + 1 equations. Thus, by choosing P; and P» ap-
propriately, we can annihilate all terms up to degree 3k + 1,, explaining the term
O(23%2) on the right-hand side of (2.5). Note that for general vectors of dimen-
sion s, the same reasoning applies and we can annihilate all terms in the expression
(Po(2) + Pi(2) f1(2) + Pa(2) fa(2) + - - - + Ps(2) fs(2)) up to degree ko+[(s+1)k—ko+s—
1] = (s+1)k+s—1, showing that in the definition of Hermite-Padé Approximant for gen-
eral s the condition (Py(z) + Py(2)f1(2) + Pa(2) fa(2) + - - - + Ps(2) fs(2)) = O(2(5HDk+s)
should be imposed.

We now proceed to prove the following lemma, which, for each large enough degree k,
produces three special triples of type I Hermite-Padé approximants of order k. These
will be instrumental later in our argument. We use the following notation. For each
k € N and P € Q2] we denote by [2*]P(2) the coefficient of the monomial of degree k
of the polynomial P.

The proof of the lemma is inspired by [KVAWO05, Theorem 5.1].
Lemma 2.8. Let

fi(z) = Z 2", fa(z) = Z dpz"

n>0 n>0
be non-trivial formal power series over Q. Fix k > 1 large enough such that at least one
of co, ..., cop 18 nonzero and at least one of dy, ..., doy is nonzero. Assume that

Hy(f1, f2) # 0.

Then there exist unique triples
P; = (Pjo, Pi1, Pj2) € Q2)* for j=0,1,2,
with the following properties:
o Li(2):= Pjo(2) + Pj1(2)f1(2) + Pj2(2) fa(z) = O(z3%*2)  for j =0,1,2.
e Py is of multi-index (k,k, k) and [2*]Poo(2) = 1;
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e P is of multi-index (k — 1,k + 1,k) and [2FT1] P 1(2)
o Py is of multi-index (k — 1,k, k + 1) and [2FT1]Pya(2)

(Po,o(Z) Po(z) Po,z(z))
- _ 3kt2

1,
1.

Moreover,

P170(Z) P171(Z) Pl,g(z)
Pro(z) Poi(z) Paa(z)

Proof. We first prove the existence and uniqueness of the three triples. Consider a triple
(Poo, Po1,Po2) € Q2] of polynomials (whose coefficients are yet to be determined)
with
deg P <k, deg Pp1,deg P2 < k, [2F]Pyo(z) = 1.
We write
Poo(z) = 2" + Pyo(2),

where deg ]5070 <k-1,and

If the condition
Lo(2) = Poo(2) + Poi(2) f1(2) + Po2(2) fa(2) = O(z*+?)

holds, it is clear that the coefficients of ﬁoy[) of order strictly less than k are uniquely
determined by Py 1 and Fy2. Conversely, for degrees k,k +1,...,3k + 1, the following
system of equations must be satisfied:

axco+ - - - + agcy + brdo + - - - + body = —1,

apcy + -+ apck1 + bpdi + - - - + bodr+1 = 0,

arCok+1 + - -+ + aocspy1 + brdog1 + -+ - + bodzp+1 = 0.

Note that the associated determinant is exactly H(f1, f2) and, since we assumed that
Hy(f1, f2) # 0, this system has a unique solution. This proves the existence of the triple
Py,

Next, we move to P;. We consider polynomials (P, P11, P12) € Q[2]® whose coeffi-
cients are yet to be determined and such that

degPig <k —1, degPy1 < k+1, deg P1o <k, (PP (2) = 1.
Write
P171(Z) = ZkJrl + Z CL]‘ZJ, PLQ(Z) = Z ij].
=0 =0
Once again, if

L1(2) = Pio(2) + Pri(2) f1(2) + Pra(2) fa(2) = O(2%F2),
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holds, the coefficients of P; ¢ are uniquely determined by the coefficients of P ; and P o,
and the coefficients of these two polynomials must satisfy the linear system

arco + -+ + aocg + brdo + - - - + body, = 0,
agc1 + -+ aoCr1 + brdy + - -+ + bodg1 = —co,

aCok41 + -+ + aoC3p41 + bpdog1 + - - + bodzg1 = —cor,

where we used the condition [z¥*1]P; 1(z) = 1. The determinant of this system is again
Hy(f1, f2) and this again produces unique polynomials Pj 1, Pj 2. The construction of
P, is essentially identical to that of P;.

Now, define

Poo(z) Poi(z) Poa(z)
A(z) = det (Pl,o(Z) Py(z) P1,2(2))
Poo(z) Poi(z) Pao(z)

In the determinant expansion, the only term with of degree 3k+2 is Py o(2)P1,1(2)P22(2).
Therefore,

(2.6) deg A(z) <3k +2, and [z3T?)A(z) = 1.
Meanwhile, recalling that
Lj(2) = Pjo(2) + Pja(2) f1(2) + Pj2(2) f2(2),

we may apply a column operation to see that

L()(Z) P[)J(Z) P()Q(Z)
A(z):det (Ll(z) P171(Z) P1 2(2’))

)

Ly(z) Poi(z) Paa(z)
Expanding the determinant along the first column, and using
Lj(z) = O(="+2),
we obtain
(2.7) A(z) = O(2%F+2).
Thus, and imply

This proves the lemma. O

Remark 2.9. In a similar manner, one can also construct s 4+ 1 independent Type I
Padé approximants (Py(z2), Pi(2), -+, Ps(2)) € Q[z]*T! for (f1,---, fs), of a sufficiently
large order k.
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3. PROOF OF THEOREM

Recall that we are given a pair of polynomials

f(2) = (f1(2), f(2)) € Z[[2])?

such that both fi and fo converge inside the unit disk, and such that f satisfies the
Mahler system

C(2)
D(z)

A(z)
B(z)’

f(z) = S+

where
B(2),D(z) € Qz], C(2) € (Q))*?, and A(z) € (Q[2])**".

We fix an integer b > 1 and we assume that
1 1 1

First we observe that f; and fo satisfy the linear Mahler system

1 1 0 0 1
(fl(z)) = (Al(Z)/B(Z) C11(2)/D(2) 01,2(Z)/D(2)) (fl(zd)) :
fa(z) A3(2)/B(2) C21(2)/D(2) Ca2(2)/D(2)) \fa(2?)

Assume by contradiction that 1, f1(1/b), f2(1/b) are not linearly independent over Q.
Then, according to [AF17, Theorem 1.4], there exists a homogeneous linear polynomial

Q(z, Xo, X1, X2) = qo(2) Xo + q1(2) X1 + ¢2(2) X2 € Q[z, Xo, X1, X2]
such that

(3.1) Q(z,1, f1(2), f2(z)) = 0.

Yet by Lemma [2.T] and our assumption on the Hankel determinants in Theorem [T.5] we
see that 1, f1(2), f2(2) are linearly independent over Q(z) and thus they cannot satisfy
(3.1). This is a contradiction and hence the numbers 1, f1(1/b), f2(1/b) are linearly
independent over Q.

We now proceed as in [BHWY16]. Iterating the Mahler system, we find that for every
m>1

(3.2) I(z) =

where
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and

m—1 ] m—2

7 T T

(3.4) An(2) = 3 (Cj(z) AT II BGY) - [I D1 )>,

j=0 0<r<m-1 r=j

r#j
with the convention that )
II pE") =1
r=m-—1

By assumption we have that
b (1/b)d (1/0) det Cy, (1/b) # 0.

Fix ¢ such that n; is large enough. Since H,,(f1, f2) # 0, by Lemma we can
construct three triples P; ; (j = 0,1,2) such that

(3.5) P jo(2) + Pij1(2) f1(2) + Pij2(2) f2(z) = O(z*2) for j =0,1,2,

0%1%2 g I74,5,r = Ty )

Pioo(2) Pioi(z) Pipa(z)

det | Pio(2) Piia(z) Piia(z) ] =2""2
Pipo(z) Pipa(z) Pigo(z)

Now, for each j = 0, 1,2, we substitute 24" into (3.5 and obtain

(3.6) Pjo(z"") + (Pija (277, Pja(z"") f(z7") = O (2" 642

Since det Cy,(z) # 0, we may invert (3.2]) and write

and

J) = dn(e)Cnle) ™ (102) - 52
dm(2) . Am(2)
(3.7) = et 2 O < 1) - 55 ) .

Combining (3.6) and (3.7) and multiplying by b,,(z) det Cy,,(z), we conclude that
(3:8)  Cijm(2) + Aijm(2)[1(2) + Bijm(2) fo(2) = byn(2) det Cpn ()0 (2" G52
where

(3.9) (Aijm(2), Bijan(2)) := b (2)dm (2)(Pija (%), Pij2(z"")) adj Cin (2),

and

(3.10)

Cijm(2) 1= —dm(2)(Pij1(z""), Pij2(z"")) adj Con(2) A (2) +bim (2) det Cra (2) Py j0(27").

Evaluating (3.8) at z = 1/b, we obtain three relations
(3.11)  Cijm(1/b) + Aijm(1/0)&1 + Bi jm(1/b)&2
= byn(1/b) det Crn (1/6)0 (=" 42} for j = 0,1,2
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where
&1 = f1(1/b), &2 = fa(1/b),
valid for any ¢ and m, with ¢ large enough. Note that the notation O is used here in the

sense of Bachmann-Landau and that the implicit constant is absolute and only depends
on f; and fs.

Since B, D,det C are fixed polynomials, they are bounded on the closed unit disk.
Thus there exists Ky > 0 such that for |z| <1

[B(2)], [D(2)], |det C(2)] < Ko.

1 1
5w )| |2 (o)
By this and (3.3)), we see that for all m > 0
b (1/6) det Crn(1/b)] < K§™.

Then for all m >0

1

)

Let K1 > 0 be a fixed constant and observe that for any ¢ there exists N; > 0 such
that for all m > N;
Klbfdm(3ni+2) < b*dm(3ni+2)+dm

and
|bm (1/b) det Cpp (1/b)] < K§™ < b7
Then (3.11) implies that for all large enough i and all m > N; it holds that

(3.12) 1Cijim (1/5) + Ai jm (1/0)€1 + By jm (1/)&a| < b=3md™,

Our goal is now to multiply both sides of (3.12)) by a large integer, in order to neu-
tralize denominators on the left-hand side. To do so, we first estimate the degrees of

A2J7m<z), Blyjzm(z)’ Cl»])m('z)'
Lemma 3.1. Let

K= C?ﬁf’édeg Aqy(2), A :=deg B(z), pi= max, deg Cyp(2), v :=deg D(z),

and let I' =k + A+ 2u+ 2v. Then for any j = 0,1,2 it holds that
deg A; jm(2),deg B; jm(z),degCi jm(z) < (n; +1+T)d™.

Proof. In this proof we will repeatedly use (3.3) and (3.4)). We begin by observing that

m

m—1
o dm -1
max _deg(Cm)ap(2) < D pd = p < pd"™,
j=0

1<a,b<2 d—1

and
m—1

degdm(z) < Y vd < vd™,
j=0
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Moreover,
m—1

degbyn(2) < degdm_1(2) + 3 deg B(z¥) < (v + \)d™,

=0
so that, by (3.4),

max deg(Apm)a(2) < (K + A+ p+v)d™.

Since Cp(2) is a 2 x 2 matrix, the entries of adjCy,(z) are, up to signs, entries of
Cin(z). Hence,

lg%édeg(adj C(2)), (%) < pd™.

Recall that
deg P; jo,deg P; j1,deg P j2 < nj + 1.
This gives
deg P; j,(27") < (n; +1)d™ forr=0,1,2.
Now, recall that

(Aigm(2), Bijan(2)) = b (2)dim(2) (Pi g1 (2

m

), Pija(2"")) adj Cin (2).
Then
deg A; jm(2),deg B; jm(2) < (v +N)d™ +vd™ + (n; + 1)d™ + pd™
=i+ 1+ A+ p+20)d™ < (n; +14T)d™
For Cj jm, on the other hand, we have
Cijm(2) = =dm(2)(Pij1(z""), Prj2(2"")) adj Cpn(2) Am (2) +-bin (2) det Crn (2) Py jo(27).-
The degree of the first term is bounded above by
vd™ + (n; + 1)d™ + pd™ + (k + XA+ p+v)d™.
For the second term, we use
degdet Cy,(2) < 2ud™,

whence
deg (bm () det Con(2)Pjo(2"")) < (v + N)d™ + 2ud™ + (n; +1)d™.
Thus,
degCijm(z) < (ni+14+kKk+A+2p+2v)d™ < (n; +1+T)d™.
This concludes the proof. O

Our next step is the following.

Lemma 3.2. For all large enough i there exists a constant M; > 0 such that for each
m > M; one may find an integer D; ,, € Z\ {0} with

’D’L m‘ S b(ni+2+F)dm

for which
D; i Ai jim(1/0), DinBBi jm(1/0), Di mCi jm(1/b) € Z

for all j =0,1,2. Moreover, for any m > M; it holds that
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[Aijam (1/0)], 1By (1/0)1, [Ci i (1/0)] < 07"

Proof. Let K2 ; be a common denominator to all coefficients of the polynomials A,, B, Cy 5,
D, and P, j,, and let K3; be a bound on their values within the unit disk. By (3.9) and
(3.10), we have that the coefficients of A; jm, Bi jm,Ci jm have common denominator
dividing K2120m and
| Ai i (1/6)], 1B g (1/0)], 1Cijm (1/)] < K33

For any fixed value of i, let M; be so large that for any m > M; it holds that

K2100m K%()Om < bdm

)2 ? )2 - :

Put
Di,m = K%SOmb(ni+1+F)dm S b(ni+2+1—‘)dm.

Thanks to Lemma [3.1} we have that
D Ai jm(1/0), Dy mBi jm(1/b), DimCi jm(1/b) € Z
for all j =0,1,2, and
A jn (L/0)]; 1Bijm (1/0)], 1Cigmn (1/b)] < K™ < b™".
The claim follows. O
Now, fix i. Let D;,, be as in Lemma and set

3.13
( ai;,m =DimAiim(1/0),  Bijm = DimBijm(1/b), and v jm = DimCijm(1/b),
so that
Qi 5.mo Bigms Vijm € 2L
Put
Lijm(&) = Yijm + Qi jm&1 + Bijm&e.

Combining (3.12)) and Lemma we see that for all m > max{N;, M;} it holds that

(3.14) L jm ()] < Dy =0 < p=(2ni=2-1)a"
(3.15) max{| v jml; |Bijml, [Yigm|} < BT,
Now let
Hj g = brit3+0d™,

and

L 2ni —-2-T

Yo+ 34T
Then we may rewrite (3.14) and (3.15]) as
(3.16) |Lijm(E)] < Hi

(3.17) max{ | jml, |Bijml, Vigml} < Him,
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where the inequalities hold for all j = 0,1,2. One could hope to apply Lemma[2.8] fixing
m and letting ¢ tend to infinity. In this case, §; approaches 2 and

His1m = g4 (Mi+1+34T)/(ni+3+4T)

i,m ’
showing that 6 is approximately equal to p. Lemma ([2.8) would then give an upper
bound of the form w*(§) < 2p. However, this strategy does not work, since as i increases

m must also increase, if we are to use and Lemma We therefore need to
adopt a more subtle approach. Once again, we are inspired by the proof of [BHWY16,
Theorem 4.1]. The key input is to let ¢ range in a bounded interval and m diverge. Let
us make this precise.

Fix 79 € N and for any integer ¢ define
Ag:{iZioz a1 gni+3+r<df}.
Assume Ay # 0, and write
Ap = {1 <idg < -+ <y, }.

For 1 <t <ty and m > M, (where M, is a strictly increasing sequence to be chosen
later) consider
Hipm = by +3+T)d™

Arrange the distinct numbers H;, ,, with 1 < ¢ < ¢, and m > M,, in increasing order,
and denote them by:

]’Lg’l < hg?g < h&g <L v
Then the following holds.

Lemma 3.3. Let n > 0. Then there exists a constant by = Lo(n, p) such that for all
0> Ly for which Ay # O it holds that

herir < HET
for all r € N.

Proof. Fix r and write hy, = H;, . There are two cases. First suppose ¢t < t,. Then
Hi,.\,m is one of the numbers in the sequence hy 1, heo, ... larger than hy, = H;, , and
h’f,?“-f—l S Hit+1,m~

Therefore, if £ > £y and ¢ is sufficiently large
log hy ry1 < (N +34+T)d™
loghe, = (ng, +3+T)dm

<pt+n<pitm,

where we used the fact that p > 1. Now, suppose t = t,. Since d(n;, +3 +T) > d* >
ng, +3+1T,
hers1 < Hiyme1 = p(niy +34T)dm+t

Therefore,

log hg77~+1 < (nil + 3+ F)dm+1

3.18 .
(3.18) loghy, — (ni, +3+T)d"
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Now fix 0 < ' < 7. Since 41 is the first index in Ay, we have that n;, 1 +3 +T < d*!
and if £y is sufficiently large, for all £ > £

(3.19) ni, +3+T < (p+17)ny_1+3+T) < (p+1n)d1,

where we used the fact that if £ is large so is i1. Since t = ty is the last index in Ay, we
also have that

ni41+ 3+ > d",
and, if £y is sufficiently large,
(3.20) i, + 3+ > (p+ 1) (niyy, +3+D) > (p+1)"Ld"
Combining , , and , we conclude that

lOg he’TJrl < (nil + 3+ F)dm+1 < (p + n’)de—l-i-m-‘rl
loghg, — (ng, +3+T)d™ — (p+ ')~ tdt+m

= (p+n)*
Taking ' = n/(3p), the calim is proved. O

Now, fix n > 0 and choose ¢ so large that for any i € A, we have

2n2-—2—1“

D S N
T f34r — o

and so that Lemma holds. Choose also M, large enough to ensure that (3.14)) and
(3.15) hold. Relabel hy, as h, and denote the corresponding integers & jm, Bijm, Vi.jm
by ;. j, Br.j,Vrj for j =0,1,2. Then (3.14]) and (3.15)) become

(3.21) Ve + &1 + Brj&a| < 2t

(3.22) max{|ar |, |Brjl, [ jl} < b

Lemma also gives

(3.23) hpi1 < hEHN.

Thus, , , and are enough to invoke Lemma provided we show the
following.

Lemma 3.4. For any sufficiently large ¢ and any m > 0, it holds that

Yi,0om  Yilm  Vi,2,m
det | 2iom @itm Qioam | #0.
Biom  Bitm  Bizm
Assume that Lemma [3.4] holds. Then, by Lemma [2.2] we have that for any n > 0

crey < 207+ )
< ———-.
BGEE
Since 7 is arbitrarily small, the claim follows.

Let us now conclude by proving Lemma [3.4]
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Proof. recall that a; jm,Bijm, and 7 jm are defined in (3.13)). Since D;,, # 0, we
simply need to study det M; ,(1/b), where

Ciom(z) Aiom(z) Biom(z)
Mim(2) = | Ciaim(2) Aiim(z) Biim(z)
Ciom(z) Ai2m(z) Biam(z)
Then, by and , we have that
M@m(z) = Pi(zdm)Tm(Z)7
where

Piio(z) Piia(z) Piia(z)

Pioo(z) Pioi(z) Pipa(z)
o )
Pioo(z) Pi2i(z) Piga(z)

with P, j, as in (3.5)), and
b (2) det Cpy(2) of
Tm(Z) = ’

—dm(2)adj Cp(2) A (2) b (2)dm(2) adj Cp(2)
with Cy,, by, and d,,, as in (3.3)). Since

det Ty (2) = b (2)3dm(2)?(det Cy(2))?,
we have that

det M (2) = 22" Crit Dy (2)3d,,(2)2(det Cpa(2))2.

Therefore, by (3.3) and our assumption in Theorem we have that det M; ,,(1/b) #
0. O

4. PROOF OF THEOREM [L.8]

Let f(z) be a solution to the system

(4.1 1= (1 §) 16

and assume that f is as in ((1.3). It is easy to see that the coefficients of f; and fp must
satisfy the following recursive relations:

Con = Cpy  Copg1 = Qudy,
(42) don = Cn, dony1 = Bdp,

doiiCoZZl.
Let us first verify that f converges in the unit disk. Set

M :=max{1, |al, |5}
Then for every n > 1,
|enl, [dn| < Mgl — ppplosa M,

Consequently, for every z € C with |z] < 1,

Z lenz™| <14+ M Z nlog2 Mmoo,
n>0 n>1
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and similarly,

Z |dpz"| < 0.

n>0
Hence, both fi(z) and fa(z) converge absolutely inside the open unit disk.

In order to apply Corollary [I.6] we further need to show that

1 1 1
In our case, B =D = 1 and det C(z) = (8 — a)z. Since, a # (3, det C(z) # 0 for any
z # 0.
Our goal will be to prove that for all n > 1 the Hankel determinant H, = H,(f) is

not divisible by p, where p is the prime number in the statement of Theorem [T.8 This
will show that p = 1 in ([L.4)), allowing us to conclude.

Let us denote by H,(«, 3) the Hankel determinants relative to the solution f to the
system in (4.1]), with f uniquely determined by the conditions (4.2). By our assumptions
on « and [, we have that

H,(a,p) = Hy(a,0) (mod p).

Thus, in place of (4.2]), we may instead consider sequences of integers ¢, dn, satisfying
the relations

Cop, = Cp, 52n+1 = Oédn,
(4.3) dop, = Cn, dop4+1 =0,
Go=dy=1,

and it will suffice to show that none of the Hankel determinants for these new sequences
are divisible by p for n > 1, to conclude that H,(a, ) # 0 for all n > 1. For j > i,k > i,
let

G Ciy1 o Gk di digr - dy
(i) Cit1 Cit2 “+°  Cpt1 () div1 dig2 -+ dipgr
(4 4) Cng = . . . ) Dj’k = . . .
¢ Cit1 0 Cjivk dj  djyr - djiqp

Then
H, = Hy(0,0) = det (¢, DY, ).

We define the following auxiliary determinants for n > 1:

P:@Wﬁ%B&H%

= det (C2n+1 n g?m),n) ’
(c

(4.5) Ry, = det 5711)—&-2 n+1 Dé?z)ﬂm) ’ (n=0)
T, =det (), DY),

Up = det (CQn—H n+1 Sz)Jrl,n) '
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The key result of this section is the subsequent lemma, where we remove the tilde for
convenience.

Lemma 4.1. Let ¢, and d,, for n > 0 be sequences of integers satisfying (4.3)), with
co = do =1, and let P, Qn, Rn, Ty, U, be as in (4.5), with C](.lll and D](Z,)C as in (4.4).
Then the following relations hold for n > 1:

|Han| = |01 PaQu,
|Hopy1| = |0*" 2 Hy Ryl
| Pay| = [0®" Py Ry,
|Pons1| = [o®" 2 HuQnl,
|Q2nl = 0™ Py T3,
|Q2nt1| = [@* T H,U,|,
|Ran| = [a®" P,Uy,
|Ronta| = [ Hy Ty,
|Ton| = |0*" Rp_1T}),
Tont1| = [ QuUn,
Uan| = [0 QT

|Usni1| = |[@*" TR, U,

Let us assume that Lemma [4.1] holds and show how to conclude that the numbers
H,(a,0) are not divisible by p for any n > 1. Note that

|Hy| = |, |Py| = Q1] = U] = |af,

|Ro| =lal,  |Ri|=laf,  |Ti]=lal”

Since every determinant on the right-hand side of the relations in Lemma has a
smaller index than the determinant on the left-hand side, and since o # 0, we inductively
have that H,, P, Qn, R,, T, U, are all, up to their sign, powers of «. In particular, for
alln>1

H,(a,0) = UnaE",

where 0, € {—1,1}, E,, € N. This shows that H,(«,0) is not divisible by p. Conse-
quently, condition (1.4)) holds with p = 1 and Theorem implies that for any integer
b > 2 it holds that

w0 /D) = 5.

We devote the rest of this paper to the proof of Lemma 4.1}
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Proof. In what follows, for a matrix A we denote by |A| the absolute value of the deter-
minant of A. First, we prove that |Ha,| = [o?"*1 P,Q,|. Recall that

o C1
C1 (&)
’H 2n‘ =
C4n Con+1
Cin+1 Cin+2

Con, dO
Cont1  dy

Con dan
Cont+1  dany1

dq doy,

do dop+1
dan+1 den
dan+2 den+1

We exchange rows and columns so that the matrix turns into 8 blocks, where each block
contains only even or odd index terms ¢; and d; :

Co C2 Con
c2 C4 C2n+2

|Hon|=| can  Cant2 Cén
c1 c3 C2n+1
Cion+1  C4n+3 Con+1

Then we apply (4.3]) and obtain

co Cn, adyg
|H2 ’: Con C3n aday,
" ady ad,, c1
aday adzn,  Cont1
co Ch, adgp
_ Con C3n adap,
ady ad, a
aday, adzn,  cont1
Co cn  ady
Con C3n ad?n
:’a2n+1PnQn’a

where we used a column operation in the second equality to cancel out the c}s in the
upper third block. The proof of all remaining equalities proceeds essentially in the same

C1 Con—1

C3 Con+1

Con+1 Con—1
C2 Con
Con+4-2 Cén
ady,—1 Co

adsp—1  Cop

Cn 0
C3n 0
ady,_1 0
adzn—1 0
Ch, —ady
C3n —adoy,
Ozdn_l —Oédo

adzn—1| |—aday,

do dop, dq
do doni2  d3
d4n d6n d4n+1
dy dont1  do
dans1 dont1  dany2
n 0O .- 0
csn 0 - 0
0 c1 Cn
0  cont1 C3n
0 0 0
0 0 0
—ady, a Cn,
_ad?m Con+1 C3n
—ady, a Cn
—ads,  Cont1 C3n

dop—1
don+1

d6nf 1|-
d2n

dﬁn
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way. Let us show that |Hay, i 1|=|a?""2H, R,|. As for the previous relation, we have that

Co c1 Cont1 do dq don+1
c1 c2 Cont2  dy do don+2
|Hopy1| = : : :
Cint2  Can+3 Con+3 dant2  danys den+3
Cin+3 Cin+td Cont+a dint3 diants d6n+4
co  r Con c1 Con+1 do doy,
_ |Cant2 -t Cont2  Cang3 Con+3 dany2 den42
c1 o Copgl €2 Cong2  dp don41
Cin+3 **° Cént3 Cantd Conta dan+3 den+3
(0) (0)
_ 027(1451@ aD2n+1,n (()) ( )0
= 0 1 0 1
aDQn—i—l,n Czn+2,n+1 _aD2n+1,n C2n+2,n+1
Co e ady ad, —adp
Contl t° C3ngl  Qdapyi adgpy1| | —adapi1
=|a® 2 H,R,|.

Let us now consider the relations for P, and Ps,4+1. We have that

Co c1 con  dp dy don—1
cp ¢ - Copgp1 dy da dan
|P2n| = . . .
C4n  Can+1 Cén dan, d4n+1 dﬁnfl
cp o Cop c1 Con—1  do
_| Can Con  Cintl Con—1  dan
c1 Cont1 €2 Con dy
Con—1 Con—1  Cin Con—2 dian—1
(0) (0) (0)
_ C(27;,n aDQ(nsnfl C2n,n71 (0)
= 0 1 1
aDQn—l n CQn,n 0 CZn,n
(0) (0)
= C<2 " aDQ("BH <O> <O )
- 0 1 0 1
aDQn—l n CQn,n _aDQn—lm,—l C2n,n
_2n | ~(0) (0) (0) (1)
@ ‘CQn,n D2n,n—1 DQn—l,n—l CZn,n

dop—2

den—2
d2n—1

den—3

di - dopyr
dynys -+ dents

dy - dopy2
danya -+ den+a

—ad,, cl

—ad3ni1 Cong2

diy - dop—1
dany1 -+ den—1

do dop,

dyn -+ den—2

Cn+41

C3n+2
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and
co 1 o Cmgr do di -+ doy
c1 2 v Copg2 dp dy -+ dopt
|P2n+1| = . . .
Cint2 Cint3 ** Con+3 dant2 dany3 -+ deng2
co o Cop 1 o Copp1 do o dog di - dap—
_|Cant2 o Con42 Cang3 o0 Cont3 dang2 o deny2 dangs oo denya
€1t Capg1  C2 v Copy2  d1 ccc dopyr d2 --- dop
Cint1l " Con+l Cin+2 - Cont2 dant1 -+ dent1 dang2 -+ den
(0) (0) (0)
_ Canrl),n a?)2n+1,n CZnJrl,n ( ())
= 0 1 1
aDQn,n 02n+1,n+1 0 02n+1,n
(0) (0)
= (Cargn @D 00
= 0 1 0 1
aDQn,n 02n+1,n+1 _aDQn,n 02n+1,n
_ 2n+2 | ~(0) (0) 0) (1)
=a ’CQn—f—l,n D2n+1,n D2n,n CQn—l—l,n
Mn+2
= [0*"" H,Qp|.

Analogously, for Q2, and Q2,+1 we have that




26 REYNOLD FREGOLI AND YOUYI ZHANG

C1 C2
C2 C3
’Q2n| =
Cin+1  Can+2
C1 o Cop—1
_ |Can+1 Con—1
C2 DY Czn
Can T Con—2
(0) (1)
_ aD2(n3n71 CQn(+1),n
- 1 1
C2n,n aD2n,n
(0) (1)
_ aD2n,n71 CZn+1,n
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chy,
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e,
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and
c1 c2 Cont1 do dq dop41
() c3 Cont2 i do dop 42
|Q2n+1| -
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For Ry, and Ra,+1 we have that
c1 2 coant1 do dy - day
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and
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For T»,, and T5,+1 we have that

ci e 0 Cop  d1 dy - doy
2 c3 o Copgp1 d2 ds -+ dopt1
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Cin Cant1 - Con—1 Gan dany1 -+ den—1
c1 r Cp—1  C2 - Cop dp - dop—1  do - doy
_|Gan—1 -+ Cen—3  Can -+ Con-2 dan—1 - den—3  dan -+ den—2
o o Cop 3 cr Copp1 de - day d3 - dopta
Cin  *°* Con—2 Cintl - Con—1 Gan - dep—2 dapy1 - dep—1
(0) (1) (1)
_ aDQn(f)l,nfl 02?,? (0) C2n,n
= 1 i 1
CZn,n aDZn,n CQn,n 0
(0) (1)
= aDQ"()l’"fl CQ?’? (0 ) O( )
= 1 i 1 1
C2n,n aD2n,n CQn,n _aDZn,n

=la®||DE)_, ., DS, S| = l0* Ry T

2n,n




DIOPHANTINE EXPONENTS OF TWO-DIMENSIONAL MAHLER VECTORS

and
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c2 3 cor Copg2  do ds don+o
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Cint2  Can+3 Cont+2 dant2 danys den+2
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Finally, for Uy, and Us,+1 we have that
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